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WEAK AMENABILITY FOR SUBFACTORS
by Arnaud Brothier
a
Abstract. We define the notions of weak amenability and the Cowling-Haagerup constant for
extremal finite index subfactors of type II1. We prove that the Cowling-Haagerup constant only
depends on the standard invariant of the subfactor. Hence, we define the Cowling-Haagerup
constant for standard invariants. We explicitly compute the constant for Bisch-Haagerup sub-
factors and prove that it is equal to the constant of the group involved in the construction.
Given a finite family of amenable standard invariants, we prove that their free product in the
sense of Bisch-Jones is weakly amenable with constant 1. We show that the Cowling-Haagerup
constant of the tensor product of a finite family of standard invariants is equal to the product
of their Cowling-Haagerup constants.
Mathematics Subject Classification 2010: 46L07, 46L37.
Introduction and main results
Jones initiated subfactors theory and discovered the celebrated Jones Polynomial for knots
[32, 34, 33]. Subfactors theory is connected to many other areas of mathematics and physics
such as topological quantum field theory [18], conformal field theory [17], statistical mechanics
[35], and so on. Given a subfactor N ⊂M (a unital inclusion of factors of type II1 with finite
index), Jones associated a combinatorial invariant GN,M called the standard invariant. It has
been axiomatized as a paragroup by Ocneanu [43], as a λ-lattice by Popa [52], and as a planar
algebra by Jones [30]. One can extract a rigid C∗-tensor category from a standard invariant.
Exotic fusion categories have been constructed using this process, see the survey [36]. Popa
proved that any standard invariant can be obtained via a subfactor, see [48, 52, 55]. Popa and
Shlyakhtenko proved in [58] that this subfactor can be constructed as a subfactor of the free
group factor with infinitely many generators L(F∞). Later on, those results have been proved
using planar algebras and free probability techniques in [23, 37, 24, 28] and independently in
[39].
Popa initiated the study of analytic properties of subfactors [50, 49, 54]. Such properties are
relevant for infinite depth subfactors. The main examples of infinite depth subfactors are the
Temperley-Lieb-Jones subfactors [32], the diagonal subfactor [49] the Bisch-Haagerup subfactors
[2], and free product of subfactors [4, 3] such as the Fuss-Catalan subfactors. Popa defined
the notion of amenability and strong amenability for subfactors and proved that a strongly
amenable subfactor is completely described by its standard invariant [49]. This generalized
the Reconstruction Theorem of Ocneanu for finite depth standard invariants [43]. Later on, he
defined the notion of property (T) for subfactors [54]. Bisch and Popa provided examples of such
subfactors in [6]. In [5], Bisch et al. used this notion to prove that there exists uncountably many
pairwise non-isomorphic hyperfinite subfactors at index 6 with the same standard invariant. In
[8], using a spectral gap argument, the author and Vaes showed that there exists families of
hyperfinite subfactors at index 6 with the same standard invariant that are non-classifiable by
countable structures. Note that random walks on fusion algebras associated to subfactors have
been studied by Bisch and Haagerup in [2] and by Hiai and Izumi in [29].
Given an extremal subfactor N ⊂M of type II1, Ocneanu associated to it the asymptotic
inclusion M ∨ (M ′ ∩M∞) ⊂M∞, where M∞ is the enveloping algebra of the Jones tower [43].
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This is analogous to the quantum double in the context of subfactors [15]. Longo and Rehren
gave another construction of quantum doubles for type III subfactors [41]. Popa defined the
symmetric enveloping inclusion of an extremal finite index subfactor N ⊂M of type II1 [51].
If N ⊂M is a hyperfinite subfactor of type II1 with finite depth, then the Popa’s symmetric
enveloping inclusion and the Ocneanu’s asymptotic inclusion are isomorphic. The symmetric
enveloping inclusion is particularly adapted to the study infinite depth subfactors. Property
(T) and amenability of a subfactor can be defined as a co-property of the symmetric enveloping
inclusion [54]. Moreover, those properties only depends on the standard invariant of the sub-
factor. Popa’s symmetric enveloping inclusion can be constructed with a category of bimodules
in a similar way than the Longo-Rehren inclusion, see [42]. Later on, Curran et al. constructed
in [12] a symmetric enveloping inclusion directly from a standard invariant by using planar
algebras.
The notion of weak amenability for locally compact groups has been introduced by Cowling
and Haagerup in [11]. We remind the definition for countable discrete groups. A countable
discrete group G is weakly amenable if there exists a sequence of finitely supported maps fn :
G −→ C that converges pointwise to 1 and such that lim supn ‖fn‖cb < ∞. The Cowling-
Haagerup constant of G is the infimum of lim supn ‖fn‖cb <∞ for such sequences and is denoted
by Λcb(G). Amenable groups are weakly amenable. Classical examples of weakly amenable
groups are lattices in simple real rank one Lie groups [11], hyperbolic groups [44], or CAT (0)-
cubical groups [22]. Analogous properties and constants for C∗-algebras and von Neumann
algebras have been defined by Haagerup and are called respectively by the completely bounded
approximation property (CBAP) and the weak* completely bounded approximation property
(W∗-CBAP) [25]. Those notions play an important role in classification of group von Neumann
algebras and in Popa’s deformation/rigidity theory [11, 57]. Note, the notion of weak amenability
has been defined and studied for Kac algebras and locally compact quantum groups [40, 38, 20,
21, 14].
In the present article, we define and study the notion of weak amenability and Cowling-
Haagerup constant for extremal finite index subfactors of type II1. This is done by following the
idea of Popa and his definition of property (T) for subfactors. In section 1, we introduce our
setup and recall classical notations. In section 2, we prove that the Cowling-Haagerup constant
only depends on the standard invariant of the subfactor. We prove it by adapting a strategy due
to Popa [54, Section 9]. This allows us to define the Cowling-Haagerup constant of a standard
invariant. In section 3, we compute the Cowling-Haagerup constant of a diagonal subfactor,
which is equal to the Cowling-Haagerup constant of the group involved. This shows that our
notion of weak amenability coincides with the classical notion for finitely generated groups.
In section 4, we show that the Cowling-Haagerup constant of a Bisch-Haagerup subfactor is
equal to the Cowling-Haagerup constant of the group involved. We follow a strategy due to
Bisch and Popa that we adapt to the context of completely bounded maps [6]. In section 5, we
consider free product of standard invariants defined by Bisch and Jones [4, 3]. Given a finite
family of amenable standard invariants, we prove that their free product is a weakly amenable
standard invariant with constant 1. We use a description of the symmetric enveloping inclusion
due to Masuda [42] and some results due to Ricard and Xu [59]. In section 6, we prove that
the Cowling-Haagerup constant of the tensor product of a finite family of standard invariants
is equal to the product of their Cowling-Haagerup constants. The proof is similar than the one
for groups given by Cowling and Haagerup [11].
Acknowledgement. I express my gratitude to Dietmar Bisch for many useful discussions and
encouragements. I thank Stefaan Vaes for helpful comments on an earlier version of this man-
uscript. I also thank Vaughan Jones, Jesse Peterson, and Jacqueline Kirby for stimulating
discussions.
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1. Notations and setup
In the article, any finite index subfactor is assumed to be of type II1 and extremal. Any
standard invariants will be supposed to be extremal as well. Let N ⊂M be a finite index
subfactor. We consider its Jones tower
N ⊂M ⊂M1 ⊂M2 ⊂ · · · ,
where N =M−1 and M =M0. We write the Jones projections ej , j > 1 such that eN = e1 and
Mj+1 = {Mj , ej+1}′′. We denote the standard invariant of N ⊂M by GN,M , or simply G if the
context is clear. Let ΓN,M be the dual principal graph of N ⊂M , where the even vertices K are
in bijection with the isomorphism classes of irreducible M -bimodules that appear in the Jones
tower. The symmetric enveloping inclusion associated to N ⊂M is denoted by
M ∨Mop ⊂M ⊠eN Mop,
or simply by T ⊂ S. We fix a tunnel for N ⊂M that we denote by
M0 ⊃M−1 ⊃M−2 ⊃M−3 ⊃ · · · ,
and continue to denote by ej ∈Mj, j ∈ Z the Jones projections for positive or negative integers.
Following [54, Lemma 1.4], we fix an embedding of
⋃
jMj and
⋃
jM
op
j in S via the choice of
the tunnel.
2. The Cowling-Haagerup constant for subfactors and standard invariants
In the article, any inclusion of tracial von Neumann algebras will be supposed to be unital
and tracial.
Definition 2.1. Consider an inclusion of tracial von Neumann algebras N ⊂ (M, τ). A
completely bounded approximation of the identity (CBAI) for N ⊂ (M, τ) with constant C is
a sequence of maps
ϕl :M−→M, l > 0
such that
(1) ϕl is normal,
(2) ϕl is a N -bimodular map,
(3) the range of ϕl is a bifinite N -bimodule, i.e. it is finitely generated as a left N -module
and as a right N -module,
(4) ‖ϕl(x)− x‖2 −→l 0, for any x ∈ M, and
(5) lim supl ‖ϕl‖cb 6 C, where ‖ · ‖cb denote the completely bounded norm.
The next definition is inspired by Popa’s definition of property (T) for subfactors [54].
Definition 2.2. Consider a subfactor N ⊂M and its associated symmetric enveloping in-
clusion T ⊂ S. The subfactor N ⊂M is weakly amenable if there exists a CBAI with a finite
constant C for T ⊂ S. The Cowling-Haagerup constant of N ⊂M is the lower bound of the
constants C such that T ⊂ S admits a CBAI with constant C. We denote it by
Λcb(N,M).
It N ⊂M is not weakly amenable we write Λcb(N,M) =∞.
Remark 2.3. Popa introduced the notion of amenability for subfactors and standard invari-
ants in [50, 49, 54]. A subfactor N ⊂M is amenable if N and M are the hyperfinite II1 factor
(the subfactor is hyperfinite) and the index is equal to the square of the norm of the principal
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graph, i.e. [M : N ] = ‖ΓN,M‖2. Popa showed that the later condition is equivalent to the fol-
lowing approximation property, see [56, Remark 3.5.4]. Let T ⊂ S be the symmetric enveloping
inclusion of N ⊂M . There exists a sequence of maps
ϕl : S −→ S, l > 0
such that
(1) ϕl is normal,
(2) ϕl is a T -bimodular map,
(3) ϕl(S) is a bifinite T -bimodule,
(4) there exists a constant A such that τ ◦ ϕl 6 Aτ , where τ is the unique normal faithful
trace on S,
(5) ‖ϕl(x)− x‖2 −→l 0, for any x ∈ M, and
(6) ϕl is unital and completely positive.
In particular, an amenable subfactor is weakly amenable with constant 1.
In the rest of this section, we prove that Λcb(N,M) only depends on the standard invariant
of N ⊂M . We adapt a proof of Popa for completely bounded maps [54, Section 9]. The next
proposition recall some properties due to Popa of the symmetric enveloping inclusion.
Proposition 2.4. [54, Theorem 4.5] Let N ⊂M be a subfactor and let T ⊂ S be its associated
symmetric enveloping inclusion. Then T ⊂ S is an irreducible subfactor of type II1.
Denote by {Hk, k ∈ K} the set of irreducible M -bimodules indexed by the even vertices of
the dual graph of N ⊂M . Let Kn be the vertices at distance smaller than 2n from the root of
the graph. Then for any k ∈ Kn, there exists vk ∈ M ′−n ∩Mn ∩ S such that L2(spanTvkT )
is isomorphic to the T -bimodule Hk ⊗ Hopk . Further, we have the following decomposition of
T -bimodules
L2(S) =
∑
k∈K
L2(spanTvkT ) ≃T−T
⊕
k∈K
Hk ⊗Hopk .
The spaces L2(spanTvkT ) are irreducible T -bimodules and are pairwise non-isomorphic. We
write sk the orthogonal projection from L
2(S) onto L2(spanTvkT ).
The next proposition gives a useful characterization of T -bimodular maps.
Proposition 2.5. Suppose the same assumptions as in Proposition 2.4. Let ak := sk|S be
the restriction of the orthogonal projection sk to S.
(1) Then, the range of ak is contained in S and is equal to S ∩ L2(spanTvkT ).
(2) Let ϕ : S −→ S be a T -bimodular map such that ϕ(S) is a bifinite T -bimodule Then ϕ
is normal and belongs to the vector space generated by the set {ak, k ∈ K}. We write
cϕ : K −→ C the unique scalar valued function that satisfies
ϕ =
∑
k∈K
cϕ(k)ak.
(3) The symmetric enveloping inclusion T ⊂ S admits a CBAI with constant C if and only
if there exists a sequence of finitely supported scalar valued functions (cl, l > 0) such
that
(a) cl(k) −→l 1, for any k ∈ K, and
(b) lim supl ‖
∑
k∈K cl(k)ak‖cb = C.
Proof. Let ϕ : S −→ S be a T -bimodular map such that its image is a bifinite T -bimodule.
Consider the algebraic T -bimodule Vk := L2(spTvkT ) ∩ S, where k ∈ K. The Vk are pairwise
non-isomorphic irreducible T -bimodules. Hence the space of intertwiners between Vk and Vl is
trivial if k 6= l and is isomorphic to C if k = l. By [19, Proof of Lemma 5.17], we have that
sk(S) = Vk. Therefore, sk ◦ ϕ ◦ sl|S is a T -bimodular map between Vl and Vk. Hence, this
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map is identically equal to zero if k 6= l. If k = l there exists a scalar cϕ(k) ∈ C such that
sk ◦ϕ ◦ sk|S = cϕ(k)sk|S . Let supp(ϕ) be the set of k ∈ K such that cϕ(k) 6= 0. By assumption,
the image of ϕ is a bifinite T -bimodule. Hence, supp(ϕ) is finite and we get
ϕ =
∑
k∈supp(ϕ)
cϕ(k)sk|S .
The rest of the proposition follows. 
Remark 2.6. Proposition 2.5 implies that a subfactor N ⊂M is amenable if and only it is
a hyperfinite subfactor and there exists a sequence of finitely supported scalar valued functions
(cl, l > 0) such that
(1) cl(k) −→l 1, for any k ∈ K, and
(2)
∑
k∈K cl(k)ak : S −→ S is a completely positive map,
where T ⊂ S is the symmetric enveloping inclusion associated toN ⊂M andK is the set vertices
of the dual principal graph of N ⊂M . By considering cl(k0)−1cl, where k0 is the index of the
trivial T -bimodule L2(T ), we can always assume that an amenable subfactor admits a sequence
of unital completely positive maps that preserve the unique normal trace-preserving conditional
expectation ET : S −→ T , and satisfies the assumptions of Remark 2.6.
Theorem 2.7. Consider two finite index subfactors N ⊂M and N˜ ⊂ M˜ with isomorphic
standard invariants. Then
Λcb(N,M) = Λcb(N˜ , M˜ ).
Proof. Step 1. We assume that we have a non-degenerate commuting square
N˜ ⊂ M˜
∪ ∪
N ⊂ M
,
such that N ′ ∩Mn = N˜ ′ ∩ M˜n for any n > 0.
Let us show that Λcb(N˜ , M˜ ) 6 Λcb(N,M). Let {Mj , j 6 0} be a tunnel for N ⊂M . Denote
by {ej , j ∈ Z} the set of Jones projection associated to the tunnel-tower of N ⊂M . For any
j 6 −2, consider the von Neumann algebra M˜j = M˜ ∩{ej+2}′. This defines a tunnel for N˜ ⊂ M˜
such that M˜ ′i ∩ M˜j = M ′i ∩Mj for any i, j ∈ Z. Denote by T ⊂ S and T˜ ⊂ S˜ the symmetric
enveloping inclusions associated to N ⊂M and N˜ ⊂ M˜ respectively. Those tunnels define
inclusions of Mj in S and M˜j in S˜ for any j such that we have a commuting square
M˜j ⊂ S˜
∪ ∪
Mj ⊂ S
.
In particular, we have equality of the relative commutants M˜ ′i ∩ M˜j =M ′i ∩Mj for any i, j ∈ Z
as subalgebras of S˜. Consider a CBAI (ϕl, l > 0) for T ⊂ S with constant C = Λcb(N,M). We
fix a natural number l. We want to construct a normal T˜ -bimodular map ϕ˜l : S˜ −→ S˜ such
that ‖ϕ˜l‖cb = ‖ϕl‖cb and ϕ˜l|S = ϕl. We drop the subscript l and consider a single map ϕ := ϕl.
Consider the commuting square
(1)
T˜ ⊂ S˜
∪ ∪
T ⊂ S
,
the Jones projection e : L2(S˜) −→ L2(S), and the basic construction 〈S˜, e〉. We denote by Tr
the trace, possibly semi-finite, of the basic construction 〈S˜, e〉.
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Let us show that the commuting square (1) is non-degenerate. Proposition 2.4 implies that
the von Neumann algebra S˜ is generated by T˜ and the family of relatives commutants M˜ ′−n∩Mn
for n > 0. Note, by construction, for any i, j ∈ Z we have equality of the relative commutants
M˜ ′i ∩ M˜j = M ′i ∩Mj as subalgebras of S˜. Therefore, S˜ is generated by T˜ and the family of
relatives commutants M ′−n ∩Mn, n > 0 which are contained in S. Therefore, the commuting
square (1) is non-degenerate.
We fix an orthonormal basis {mj , j ∈ J} ⊂ T˜ of T˜ over T . This means that for any
x ∈ T˜ we have x = ∑j∈J ET (xmj)m∗j and for any i, j ∈ J we have ET (m∗imj)δi,jfi, where
fi is a projection, δi,j is the Kronecker symbol and ET is the unique normal trace-preserving
conditional expectation from T˜ onto T . Note that {mj , j ∈ J} ⊂ T˜ is an orthonormal basis of S˜
over S. Indeed, since the square (1) is commuting we automatically obtain the first assumption
in the definition of an orthonormal basis. Since the square (1) is commuting and non-degenerate
we also fulfill the second assumption of the definition of an orthonormal basis. Hence, for any
x ∈ 〈S˜, e〉 there exists a unique collection {xij ∈ S, i, j ∈ J} such that
x =
∑
i,j∈J
miexijm
∗
j .
Consider the map
φ : 〈S˜, e〉 −→ 〈S˜, e〉, x =
∑
i,j∈J
miexijm
∗
j 7−→
∑
i,j∈J
mieϕ(xij)m
∗
j .
This is a normal 〈T˜ , e〉-bimodular map.
We claim that φ extends the map ϕ. By Proposition 2.5, there exists a map c : K −→ C such
that ϕ =
∑
k∈K c(k)ak. The maps φ and ϕ are normal and T -bimodular. Hence, it is sufficient
to prove that φ(vk) = ϕ(vk) = c(k)vk for any k ∈ K. Let us fix k ∈ K. There exists n > 0
such that k ∈ Kn, where Kn is the set of even vertices of the dual principal graph at distance
smaller or equal to 2n from the root of the graph. Let {mkj , j ∈ Jk} be an orthonormal basis
of M˜−n ∨ M˜op−n over M−n ∨Mop−n, where all such von Neumann algebras are viewed inside T˜ .
Consider the commuting square
(2)
M˜−n ∨ M˜op−n ⊂ T˜
∪ ∪
M−n ∨Mop−n ⊂ T
.
Let us show that (2) is non-degenerate. By construction, the commuting square
M˜−n ⊂ M˜
∪ ∪
M−n ⊂ M
is non-degenerate. Therefore, the following commuting square
M˜−n⊗M˜op−n ⊂ M˜⊗M˜op
∪ ∪
M−n⊗Mop−n ⊂ M⊗Mop
is non-degenerate as well. But this commuting square is isomorphic to (2). So we are done.
Since (1) and (2) are non-degenerate commuting squares we obtain that {mkj , j ∈ Jk} is an
orthonormal basis of S˜ over S. The vector vk belongs to M
′
−n ∩Mn. By [54, Proposition 2.6.b],
we have the equality
(M˜−n ∨ M˜op−n)′ ∩ S˜ = M˜opn ∩ M˜n.
Therefore, vk commutes with the whole basis {mkj , j ∈ Jk}. Following the proof of [54, Lemma
9.2], we obtain that φ does not depend on the choice of the orthonormal basis {mj , j ∈ J} ⊂ T˜
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of T˜ over T . Denote by ES (resp. ET˜ ) the normal trace-preserving conditional expectation from
S˜ onto S (resp. onto T˜ ). We have,
vk =
∑
i,j∈Jk
mki ES(m
k
i
∗
vkm
k
j )em
k
j
∗
,
=
∑
i,j∈Jk
mki vkES(m
k
i
∗
mkj )em
k
j
∗
because [vk,m
k
i ] = 0,
=
∑
i,j∈Jk
mki vkET (m
k
i
∗
mkj )em
k
j
∗
because ET ◦ ET˜ = ET .
Therefore,
φ(vk) = φ(
∑
i,j∈Jk
mki vkET (m
k
i
∗
mkj )em
k
j
∗
),
=
∑
i,j∈Jk
mki ϕ(vkET (m
k
i
∗
mkj ))em
k
j
∗
=
∑
i,j∈Jk
mki c(k)vkET (m
k
i
∗
mkj )em
k
j
∗
= c(k)vk = ϕ(vk).
This proves the claim.
Let us show that ‖φ‖cb = ‖ϕ‖cb. By the Stinespring Dilation Theorem [9, Theorem B7,
p347], there exists a normal representation Lϕ : S −→ B(Hϕ) and two continuous linear maps
vϕ, wϕ : L
2(S) −→ Hϕ such that for any y ∈ S
ϕ(y) = v∗ϕLϕ(y)wϕ
and
‖vϕ‖ = ‖wϕ‖ =
√
‖ϕ‖cb.
Consider the Hilbert space H˜ϕ := ℓ
2(J)⊗ ℓ2(J)⊗Hϕ and the densely defined continuous linear
maps
v˜ϕ : L
2(〈S˜, e〉, T r) −→ H˜ϕ, ̂
∑
i,j∈J
miexijm
∗
j 7−→
∑
i,j∈J
δi ⊗ δj ⊗ vϕ(x̂ij)
and
w˜ϕ : L
2(〈S˜, e〉, T r) −→ H˜ϕ, ̂
∑
i,j∈J
miexijm
∗
j 7−→
∑
i,j∈J
δi ⊗ δj ⊗ wϕ(x̂ij),
where ẑ denote the image of an element of 〈S˜, e〉 with finite L2-norm in L2(〈S˜, e〉, T r). Consider
the following normal representation
L˜ϕ : 〈S˜, e〉 −→ B(H˜ϕ), x 7−→
∑
i,j∈J
eij ⊗ 1⊗ Lϕ(xij),
where eij is the partial isometry of ℓ
2(J) that sends δj to δi and x =
∑
i,j∈J miexijm
∗
j ∈ 〈S˜, e〉.
One can check that φ(x) = v˜∗ϕL˜ϕ(x)w˜ϕ, for any x ∈ 〈S˜, e〉. Hence, φ is completely bounded and
‖φ‖cb 6 ‖w˜ϕ‖.‖v˜ϕ‖ = ‖wϕ‖.‖vϕ‖ = ‖ϕ‖cb.
The maps φ and ϕ coincides on S. Hence, we have ‖φ‖cb = ‖ϕ‖cb.
Recall that ϕ =
∑
k∈K c(k)ak. Observe, the restriction ϕ˜ = φ|S˜ of φ to S˜ is equal to∑
k∈K c(k)a˜k, where a˜k is the identity map of L
2(spanT˜ vkT˜ )∩S˜. In particular, ϕ˜(S˜) is contained
in S˜. Therefore, ϕ˜ : S˜ −→ S˜ is a completely bounded T˜ -bimodular map, the T˜ -bimodule ϕ(S˜)
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is bifinite, and ‖ϕ˜‖cb = ‖ϕ‖cb. Hence, if (ϕl, l > 0) is a CBAI with constant C for T ⊂ S, then
(ϕ˜l, l > 0) is a CBAI with constant C for T˜ ⊂ S˜. We obtain, Λcb(N˜ , M˜ ) 6 Λcb(N,M).
Consider a CBAI (φl)l for T˜ ⊂ S˜ such that lim supl ‖φl‖cb = Λcb(N˜ , M˜). We define ϕl :=
ES ◦ φl|S , where ES : S˜ −→ S is the unique normal trace-preserving conditional expectation.
We have ‖ϕl‖cb 6 ‖φl‖cb for any l > 0. The maps ϕl and φl have the same scalar valued
function cl : K −→ C because they coincides on the vector space generated by the set {vk, k ∈
K}. Therefore by Proposition 2.5, the sequence (ϕl)l defines a CBAI for T ⊂ S such that
lim supl ‖ϕl‖cb 6 Λcb(N˜ , M˜). We get Λcb(N,M) = Λcb(N˜ , M˜).
Step 2. We prove the general case. We follow the proof of [54, Theorem 9.5]. Let N ⊂M
and N˜ ⊂ M˜ be finite index subfactors with isomorphic standard invariants. Let ω ∈ βN−N be
a non-principal ultrafilter and let Nω and Mω be the ultrapowers of N and M respectively. We
have a non-degenerate commuting square
Nω ⊂ Mω
∪ ∪
N ⊂ M
.
For any n > 0 we have N ′ ∩Mn = (Nω)′ ∩ (Mω)n by [47, Proposition 1.10]. Hence, by Step 1,
we have Λcb(N,M) = Λcb(N
ω,Mω). Via the Reconstruction Theorem of Popa [48, 52, 55], we
associate to G a subfactor NG(R) ⊂MG(R) which is constructed with the hyperfinite II1 factor
R and the standard invariant G. By [53], there exists an embedding of MG(R) in Mω which
defines a non-degenerate commuting square
Nω ⊂ Mω
∪ ∪
NG(R) ⊂ MG(R)
and such that for any n > 0 we have (NG(R))′ ∩ (MG(R))n = (Nω)′ ∩ (Mω)n. Hence, by Step 1,
Λcb(N
ω,Mω) = Λcb(N
G(R),MG(R)). Therefore, Λcb(N,M) = Λcb(N
G(R),MG(R)). Similarly,
we have Λcb(N˜ , M˜) = Λcb(N
G(R),MG(R)). In conclusion, Λcb(N,M) = Λcb(N˜ , M˜ ). 
Definition 2.8. We say that a standard invariant G is weakly amenable if there exists a
subfactor N ⊂M with standard invariant G which is weakly amenable. The Cowling-Haagerup
constant of a weakly amenable standard invariant G is the Cowling-Haagerup constant of a
subfactor N ⊂M with standard invariant G. We denote Λcb(G) as this constant. We write
Λcb(G) =∞ if G is not weakly amenable.
3. Diagonal subfactors
Consider a II1 factor P and an injective group morphism σ : G −→ Out(P ) of a finitely
generated group G = 〈g1, · · · , gm〉 in the outer automorphism group of P . Let σ˜ : G −→ Aut(P )
be a section of σ in value in the automorphism group of P . Let {eij , i, j = 0, · · · ,m} be the
canonical system of matrix units of the type Im+1 factor Mm+1(C). The diagonal subfactor
associated to σ˜ and the generating set {g1, · · · , gm} is
{
m∑
i=0
σ˜(gi)(x) ⊗ eii, x ∈ P} ⊂ P ⊗Mm+1(C),
where σ˜(g0) = 1. It is an extremal subfactor of type II1 with index equal to (m + 1)
2. We
continue to denote by σ˜ the map from G to the automorphism group of P ⊗Mm+1(C) defined
by σ˜(g)(x ⊗ eij) = σ˜(g)(x) ⊗ eij for g ∈ G, x ∈ P and 0 6 i, j 6 m. Note that the group
morphism σ ⊗ σop has vanishing H3(G,T) cohomology obstruction by [31]. Then, it defines an
outer action, possibly twisted by a cocycle, of G on M⊗Mop where M = P ⊗Mm+1(C).
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Theorem 3.1. [54, Theorem 3.3] Let N ⊂M be the subfactor described above and let T ⊂ S
be its symmetric enveloping inclusion. Then T ⊂ S is isomorphic to
M⊗Mop ⊂M⊗Mop ⋊σ⊗σop G.
Corollary 3.2. Let N ⊂M be the subfactor as above. We have Λcb(N,M) = Λcb(G).
Proof. Let (fl)l be a sequence of finitely supported maps that converge pointwise to 1 and such
that lim supl ‖fl‖cb = Λcb(G). Consider the multiplier
ϕl := 1⊗mfl : S −→ S
defined as ϕl(tug) = fl(g)tug, where t ∈ M⊗Mop and g ∈ G. Then (ϕl)l is clearly a CBAI for
M⊗Mop ⊂M⊗Mop⋊σ⊗σop G such that lim supl ‖ϕl‖cb = Λcb(G). Hence, Λcb(N,M) 6 Λcb(G).
Let (ϕl)l be a CBAI with constant Λcb(N,M) for M⊗Mop ⊂ M⊗Mop ⋊σ⊗σop G. Consider
the map fl(g) := τ(ϕl(ug)u
∗
g), and follow the strategy of [9, Theorem 12.3.10]. It follows that
Λcb(N,M) > Λcb(G). We reach the conclusion of the corollary. 
Remark 3.3. Consider a hyperfinite subfactor N ⊂M and its associated symmetric envelop-
ing inclusion T ⊂ S. Let Λcb(S) be the classical Cowling-Haagerup constant of the von Neumann
algebra S, see [9, page 365]. It is important to notice that in general Λcb(S) is different from
Λcb(N,M) even if T is hyperfinite. We present an example of a hyperfinite subfactor N ⊂M
such that Λcb(N,M) = 1 and Λcb(S) =∞.
Consider the group von Neumann algebra R := L(ZF2×Z2 ⋊Z), where F2 is the free group with
two generators. By the Fundamental Theorem of Connes [10], L(ZF2×Z2 ⋊ Z) is isomorphic to
the hyperfinite II1 factor because the group Z
F2×Z
2 ⋊ Z is amenable and has infinite conjugacy
classes. Consider the Bernoulli action of F2 on Z
F2×Z
2 . This induces an outer action θ of F2
on R. Let N ⊂M be a diagonal subfactor associated to the action θ and any finite generating
set of the group F2. By Theorem 3.1, we have that the symmetric enveloping inclusion T ⊂ S
associated to N ⊂M is isomorphic to
M⊗Mop ⊂M⊗Mop ⋊θ⊗θop F2.
Therefore, Λcb(N,M) = Λcb(F2) by Corollary 3.2. Hence, Λcb(N,M) = 1 by [26, 13, 7]. The
symmetric enveloping algebra S is isomorphic to the group von Neumann algebra
L([(ZF2×Z2 ⋊ Z)× (ZF2×Z2 ⋊ Z)]⋊ F2).
Hence, L(ZF22 ⋊ F2) is a von Neumann subalgebra of S. But the group Z
F2
2 ⋊ F2 is not weakly
amenable by [46, 45]. Recall the Cowling-Haagerup constant of a countable discrete group and
the Cowling-Haagerup constant of its associated group von Neumann algebra coincides. Further,
if H < G is an inclusion of countable discrete groups, then Λcb(H) 6 Λcb(G). Therefore,
Λcb(S) = Λcb([(Z
F2×Z
2 ⋊Z)× (ZF2×Z2 ⋊ Z)]⋊ F2) > Λcb(ZF22 ⋊ F2) =∞ 6= 1 = Λcb(N,M).
4. Bisch-Haagerup subfactors
We follow a similar strategy developed by Bisch and Popa in [6].
Proposition 4.1. Consider a chain of II1 factors Q ⊂ N ⊂M such that I := [N : Q] <∞.
Let p ∈ N be a non-zero projection. Then the following assertions are equivalent:
(1) N ⊂M admits a CBAI with constant C.
(2) Q ⊂M admits a CBAI with constant C.
(3) pNp ⊂ pMp admits a CBAI with constant C.
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Proof. Proof of (1)⇒ (2). Let (ϕl)l be a CBAI with constant C for N ⊂M. By assumption ϕl
is a N -bimodular map and so is a Q-bimodular map. The range of ϕl is a bifinite N -bimodule
and [N : Q] is finite. Hence, the range of ϕl is a bifinite Q-bimodule. Therefore, (ϕl)l defines a
CBAI with constant C for Q ⊂M.
Proof of (2) ⇒ (1). Let (ϕl)l be a CBAI with constant C for N ⊂ M. Consider a finite
orthonormal basis {mj , j ∈ J} ⊂ N of N over Q, i.e.
∑
j∈J mjEQ(m
∗
jx) = x, for any x ∈ N .
Consider the map
ϕ˜l :M−→M, x 7−→ 1
I2
∑
i,j∈J
miϕl(m
∗
i xmj)m
∗
j .
If x ∈ M and y ∈ N , then
ϕ˜l(yx) =
1
I2
∑
i,j∈J
miϕl(m
∗
i yxmj)m
∗
j
=
1
I2
∑
i,j,k∈J
miϕl(EQ(m
∗
i ymk)m
∗
kxmj)m
∗
j
=
1
I2
∑
i,j,k∈J
miEQ(m
∗
i ymk)ϕl(m
∗
kxmj)m
∗
j
=
1
I2
∑
i,k∈J
ymkϕl(m
∗
kxmj)m
∗
j = yϕ˜l(x).
Hence, ϕ˜l is a left N -modular map and a similar computation on the right shows that ϕ˜l is a
N -bimodular map.
Let us show that ‖ϕ˜l‖cb 6 ‖ϕl‖cb for a fixed l > 0. By the Stinespring Dilation Theorem
there exists a normal representation π : M −→ B(H) and two continuous linear maps v,w :
L2(M) −→ H such that for any x ∈ M, ϕl(x) = v∗π(x)w and ‖v‖ = ‖w‖ =
√‖ϕl‖cb. Consider
the maps
v˜ :=
1
I
∑
j∈J
π(mj)vm
∗
j and w˜ :=
1
I
∑
j∈J
π(mj)wm
∗
j .
We observe that ϕ˜l(x) = v˜
∗π(x)w˜ for any x ∈ M. Therefore, ‖ϕ˜l‖cb 6 ‖v˜‖‖w˜‖. Let us show
that ‖v˜‖ 6 ‖v‖. Consider the operator
v2 :=
(
0 v
v∗ 0
)
∈ B(H ⊕ L2(M)).
This is a self-adjoint operator. So its norm is equal to its spectral radius and we have
−‖v2‖1 6 v2 6 ‖v2‖1.
Note that ‖v2‖ = ‖v‖. Consider the operator
v˜2 :=
1
I
∑
j∈J
(
π(mj) 0
0 mj
)
v2
(
π(mj) 0
0 mj
)∗
=
(
0 v˜
v˜∗ 0
)
.
We have
−‖v‖1
I
∑
j∈J
mjm
∗
j 6 v˜2 6 ‖v‖
1
I
∑
j∈J
mjm
∗
j .
But, 1
I
∑
j∈J mjm
∗
j = 1. So ‖v˜2‖ 6 ‖v‖. But ‖v˜2‖ = ‖v˜‖. Hence, ‖v˜‖ 6 ‖v‖. We get also that
‖w˜‖ 6 ‖w‖. Therefore, ‖ϕ˜l‖cb 6 ‖v‖‖w‖ = ‖ϕl‖cb.
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Let x ∈ M. We have
‖ϕ˜l(x)− x‖2 = ‖ 1
I2
∑
i,j∈J
miϕl(m
∗
i xmj)m
∗
j − x‖2
= ‖ 1
I2
∑
i,j∈J
(miϕl(m
∗
i xmj)m
∗
j −mim∗ixmjm∗j )‖2
6
1
I2
∑
i,j∈J
‖mi‖‖mj‖‖ϕl(m∗i xmj)−m∗ixmj‖2 −→l 0.
Because J is finite and the range of ϕl is a bifinite Q-bimodule we have that the range of ϕ˜l
is a bifinite N -bimodule. Therefore, (ϕ˜l)l defines a CBAI with constant C for N ⊂M.
Proof of (1) ⇒ (3). Consider (ϕl)l a CBAI with constant C for N ⊂M. Define (φl)l, where
φl is the restriction of φl to pNp. By definition ϕl is a N -bimodular map. Hence, for any x ∈ M,
ϕl(pxp) = pϕ(x)p. Therefore, φl defines a map from pMp to pMp. It is easy to see that (φl)l
is a CBAI with constant C for pNp ⊂ pMp.
Proof of (3)⇒ (1). Using the fact that (1)⇒ (3), it is sufficient to show that for any n > 1: if
N ⊂M admits a CBAI with constant C, then N ⊗Mn(C) ⊂M⊗Mn(C) admits a CBAI with
constant C. Let (ϕl)l be a CBAI with constant C for N ⊂M. One can check that (ϕl⊗1Mn(C))l
is a CBAI with constant C for N ⊗Mn(C) ⊂M⊗Mn(C). 
Let N ⊂M be a subfactor together with a tunnel-tower Mj , j ∈ Z. We recall a result due
to Popa.
Lemma 4.2. [54, Proposition 2.9 and Proposition 2.10.a] Let Q be an intermediate subfactor
Mi ⊂ Q ⊂ N where i is an integer. Then
M ∨Mop ⊂M ⊠eN Mop is isomorphic to M ∨Mop ⊂M ⊠eQ Mop.
Consider the Jones projection eop1 ∈Mop1 ⊂M1 ⊠eM Mop1 . Then
e
op
1 (M1 ∨Mop1 )eop1 ⊂ eop1 (M1 ⊠eM Mop1 )eop1 is isomorphic to M1 ∨Nop ⊂M ⊠eN Mop.
Corollary 4.3. Let Q and P be II1 factors such that
Mi−1 ⊂ Q ⊂Mi ⊂Mj ⊂ P ⊂Mj+1
for some integers i < j. Then Λcb(Q,P ) = Λcb(N,M).
Proof. By Lemma 4.2, the compression of M1 ∨Mop1 ⊂ M1 ⊠eM Mop1 by eop1 is isomorphic to
M1 ∨ Nop ⊂ M ⊠eN Mop. Observe that M ∨ Nop ⊂ M1 ∨ Nop and M ∨ Nop ⊂ M ∨Mop are
both finite index subfactors (where everything is viewed in M ⊠eN M
op). Hence, by Proposition
4.1, we have
(3) Λcb(N,M) = Λcb(M,M1).
Consider a II1 factor Q˜ such that Mr ⊂ Q˜ ⊂Mk−1 for some integers r < k. By Lemma 4.2, the
symmetric enveloping inclusions Mk ∨Mopk ⊂ Mk ⊠eMk−1 M
op
k and Mk ∨Mopk ⊂ Mk ⊠eQ˜ M
op
k
are isomorphic. Therefore, Λcb(Q˜,Mk) = Λcb(Mk−1,Mk). Depending on the parity of k, the
standard invariant ofMk−1 ⊂Mk is isomorphic to GN,M or to GM,M1 . Therefore, Λcb(Mk−1,Mk)
is equal to Λcb(N,M) or Λcb(M,M1) by Theorem 2.7. So by (3) we have that Λcb(Mk−1,Mk) =
Λcb(N,M). Hence,
(4) Λcb(N,M) = Λcb(Q˜,Mk), for any r < k and Q˜ such that Mr ⊂ Q˜ ⊂Mk−1.
12 WEAK AMENABILITY FOR SUBFACTORS
Consider a downward basic construction L ⊂ Mi−1 ⊂ P such that Mr ⊂ L for a certain r.
We have L ⊂ Mi−2 because [Mi−1 : L] = [P : Mi−1] > [Mk : Mk−1] = [M : N ]. Hence,
Λcb(L,Mi−1) = Λcb(N,M) by (4). So, Λcb(Mi−1, P ) = Λcb(L,Mi−1) by (3). Therefore,
Λcb(N,M) = Λcb(Mi−1, P ).
Observe, the symmetric enveloping inclusions P ∨P op ⊂ P ⊠eQ P op and P ∨P op ⊂ P ⊠eMi−1 P op
are isomorphic by Lemma 4.2. Therefore,
Λcb(Q,P ) = Λcb(Mi−1, P ) = Λcb(N,M).

Theorem 4.4. Consider two finite groups that act outerly on a II1 factor, σ : H1 −→ Aut(P )
and ρ : H2 −→ Aut(P ). Denote by G the subgroup of Out(P ) generated by σ(H1) and ρ(H2).
Consider the Bisch-Haagerup subfactor PH1 ⊂ P ⋊ H2, where PH1 denotes the elements of P
that are fixed under the action of H1. Then Λcb(P
H1 , P ⋊H2) = Λcb(G).
Proof. We follow the proof of [6, Proposition 2.7]. We write N = PH1 and M = P ⋊H2. Let
P−1 and P1 be II1 factors such that P−1 ⊂ N ⊂ P and P ⊂ M ⊂ P1 are basic constructions
such that M−2 ⊂ P−1. By Corollary 4.3, we have Λcb(N,M) = Λcb(P−1, P1). By [6, Proposition
2.7], we know that P−1 ⊂ P1 is isomorphic to the inclusion
P−1 ⊂ P−1 ⊗B(ℓ2(H1))⊗B(ℓ2(H2)), x 7−→
∑
h∈H1,k∈H2
ρk ◦ σh(x)fhhekk,
where {fij , i, j ∈ H1} and {eij , i, j ∈ H2} are system of matrix units for B(ℓ2(H1)) and
B(ℓ2(H2)). Hence, P−1 ⊂ P1 is isomorphic to a diagonal subfactor associated to an outer action
of the group G. By Corollary 3.2, we obtain Λcb(N,M) = Λcb(G). 
5. Free product
Let (Gα, α ∈ A) be a finite family of amenable standard invariants. In this section, we prove
that the free product in the sense of Bisch and Jones of the Gα is a weakly amenable standard
invariant with constant 1 [4, 3].
Bisch and Jones introduced in [4, 3] the free product of standard invariants and subfactors.
We recall the principal properties of this construction. Let G1 and G2 be standard invariants.
The free product of G1 and G2 is a standard invariant denoted by G := G1 ∗ G2. There exists a
chain of II1 factors N ⊂ P ⊂M such that
(5) GN,P ≃ G1, GP,M ≃ G2, and GN,M ≃ G1 ∗ G2.
Let C1 = 〈PL2(P ) ⊗N L2(P )P 〉 be the category of P -bimodules generated by the bimodule
L2(P ) ⊗N L2(P ). Consider the category C2 = 〈ML2(M)M 〉. We have that C1 and C2 are in
free position inside the category of all P -bimodules Bimod(P ). In particular, if a1, · · · , an are
irreducible P -bimodules of C1 that are different from L2(P ), and if b1, · · · , bn are irreducible P -
bimodules of C2 that are different from L2(P ), then a1b1 · · · anbn is an irreducible P -bimodule.
We fix two standard invariants G1,G2, and a chain of II1 factors N ⊂ P ⊂ M that satisfies
(5). By definition, Λcb(G) = Λcb(N,M). Consider a downward basic construction
M−2 ⊂ N ⊂M.
By Corollary 4.3,
Λcb(M−2, P ) = Λcb(N,M).
Observe, the bimodule category
C = 〈PL2(P )⊗M−2 L2(P )P 〉
is generated by C1 and C2.
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Let (Gα, α ∈ A) be a finite family of standard invariants. By iteration of the process described
above, we define a free product of those standard invariants G := ∗α∈AGα. It satisfies the following
properties: There exists a subfactor N ⊂M , a family of subfactors (Nα ⊂ Mα, α ∈ A) and a
family of categories (Cα, α ∈ A) such that
(1) Λcb(G) = Λcb(N,M),
(2) GNα,Mα ≃ Gα,
(3) Cα is a subcategory of Bimod(M) and is equivalent to the category of Mα-bimodules
〈MαL2(Mα)⊗Nα L2(Mα)Mα〉,
(4) the categories (Cα, α ∈ A) are in free position inside Bimod(M), and
(5) the category C := 〈ML2(M)⊗N L2(M)M 〉 is generated by the subcategories (Cα, α ∈ A).
We will show that the symmetric enveloping inclusion T ⊂ S associated to N ⊂M is isomor-
phic to an amalgamated free product over T . For this purpose, we recall a construction due to
Masuda that is an extension of the Longo-Rehren construction for infinite depth subfactors of
type II1 [42, 41].
Consider a subfactor N ⊂M . We put A = M⊗Mop. Let {Hk, k ∈ K} be a set of represen-
tatives of the isomorphism classes of irreducible M -bimodules that appear in the Jones tower
of N ⊂M . Denote by Bk := Hk ⊗Hkop the associated A-bimodule and by X their orthogonal
direct sum
⊕
k∈K Bk. For any i, j, k ∈ K, we denote by Nkij the dimension of the space of
intertwiners from Bi ⊗A Bj into Bk,
i.e. Nkij := dimHomA−A(Bi ⊗A Bj , Bk).
Let dk be the square root of the index of M inside the right M -modular morphisms of B(Hk),
dk :=
√
[End−M (Hk) :M ], and let {V eijk, e = 1, · · · , Nkij} be a choice of an orthonormal basis
of the space of intertwiners HomA−A(Bi ⊗A Bj, Bk), for any i, j, k ∈ K. Define
V˜ijk :=
Nkij∑
e=1
√
didj
dk
V eijk ⊗ V eijk
op
, for any i, j, k ∈ K.
Consider a bounded vector ξ ∈ Bbddi and a vector η ∈ Bj . We define
λξ(η) :=
∑
k∈K
V˜ijk(ξ ⊗ η).
By [42, Lemma 2.2], λξ extends to a bounded linear map from X to X that we continue to
denote by λξ. Denote by A(K) the von Neumann subalgebra of B(X) generated by the set
{λξ, ξ ∈ Bbddk , k ∈ K}.
By [42, Theorem 3.4], A ⊂ A(K) is isomorphic to the symmetric enveloping inclusion T ⊂ S
associated to the subfactor N ⊂M .
Let G = ∗α∈AGα be the free product of a finite family of extremal standard invariants. This
is still an extremal standard invariant. Denote by N ⊂M the subfactor described above that
satisfies Λcb(N,M) = Λcb(G). Let K be the index set of the even vertices of the dual principal
graph of N ⊂M and {Hk, k ∈ K}, the associated set of irreducible M -bimodules. For any
α ∈ A, let Kα ⊂ K be the set of indices corresponding to the irreducible M -bimodules of the
category Cα. Observe, K is the set of finite words with letter in the different Kα, α ∈ A. Let
A ⊂ A(K) be the inclusion defined by Masuda and let A(Kα) be the von Neumann subalgebra
of A(K) generated by the set
{λξ , ξ ∈ Bbddk , k ∈ Kα}.
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For any α ∈ A there is a unique normal trace-preserving conditional expectation EA(Kα)A :
A(Kα) −→ A. By construction and [42, Theorem 3.4], we have that A ⊂ A(Kα) is isomorphic
to a symmetric enveloping inclusion associated to a subfactor of M with standard invariant
isomorphic to Gα. Consider the free product of the A(Kα), α ∈ A with amalgamation over A
with respect to the conditional expectations E
A(Kα)
A , see [16, section 3.8]. We denote this von
Neumann algebra by ∗α∈A(A(Kα), EA(Kα)A ). There is a canonical inclusion
A ⊂ ∗α∈A(A(Kα), EA(Kα)A ).
Proposition 5.1. The two inclusions A ⊂ A(K) and A ⊂ ∗α∈A(A(Kα), EA(Kα)A ) are iso-
morphic.
Proof. One can see that the family von Neumann subalgebras (A(Kα), α ∈ A) generates A(K)
as a von Neumann algebra. Hence it is sufficient to show that they are free with amalgamation
over A. Let D be the ∗-subalgebra of B(X) generated by the set {λξ, ξ ∈ Bbddk , k ∈ K}.
Similarly, for any α ∈ A, we define the ∗-subalgebra Dα ⊂ B(X) which is generated by the set
{λξ, ξ ∈ Bbddk , k ∈ Kα}. The ∗-subalgebra Dα is weakly dense in A(Kα). By [16, Proposition
2.5.7], adapted in the amalgamated case, it is sufficient to prove that the Dα, α ∈ A are free
with amalgamation over A. Consider ξ ∈ Bbddi and η ∈ Bbddj where i, j ∈ K. We have that
(6) λξ ◦ λη =
∑
k∈K
λξk ,
where ξk = ˜Vijk(ξ ⊗ η), see [42, Proposition 2.3]. Hence, for any a ∈ D there exists a unique
decomposition a =
∑
k∈K λξk , such that ξk ∈ Bbddk . This sum is necessarily finite. Denote
by supp(a) the set of k ∈ K such that λξk 6= 0. Consider some indices α1, · · · , αn ∈ A such
that α1 6= α2 6= · · · 6= αn. For any i = 1, · · · , n, consider ai ∈ Dαi ⊖ A. Let us show that
EA(a1 · · · an) = 0, where EA : A(K) −→ A is the unique normal trace-preserving conditional
expectation. We need to show that supp(a1 · · · an) does not contain the index of the trivial
bimodule L2(A). But this is an immediate consequence of the equality (6). 
Remark 5.2. Consider the following enlightening examples given by diagonal subfactors. Let
A = {1, · · · ,m} and G1, · · · , Gm be a family of finitely generated groups. For any α consider
a diagonal subfactor Nα ⊂ Mα associated to the group Gα, see the construction of section 3.
Denote by Gα its standard invariant and by G the free product of all the Gα. Then the inclusion
A ⊂ A(K) considered above is isomorphic to an inclusion in a crossed product A ⊂ A ⋊ G,
where G = G1 ∗ · · · ∗ Gm. The inclusion A ⊂ A(Kα) is isomorphic to an inclusion in a crossed
product A ⊂ A⋊Gα for any α ∈ A.
Theorem 5.3. Consider a finite family of amenable standard invariants (Gα, α ∈ A). Con-
sider the free product of those standard invariants G := ∗α∈AGα. Then
Λcb(G) = 1.
Proof. Consider a finite family of amenable standard invariants (Gα, α ∈ A). For any α ∈ A, let
Nα ⊂ Mα be an amenable subfactor with standard invariant Gα. By [4, 3], and the discussion
at the beginning of this section, there exists a subfactor N ⊂M such that
• Λcb(N,M) = Λcb(∗α∈AGα),
• its symmetric enveloping inclusion is isomorphic to A ⊂ ∗α∈A(A(Kα), EA(Kα)A ), where
A ⊂ A(Kα) is isomorphic to the symmetric enveloping inclusion of Nα ⊂ Mα for any
α ∈ A.
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By remark 2.6, for any α ∈ A there exists a sequence of normal unital completely positive
A-bimodular maps ϕαl : A(Kα) −→ A(Kα) such that the A-bimodule ϕαl (A(Kα)) is bifinite,
E
A(Kα)
A ◦ ϕαl = EA(Kα)A , and liml ‖ϕαl (x) − x‖2 = 0 for any x ∈ A(Kα). The restrictions
of those maps to A are equal to the identity by Proposition 2.5 and the fact that they are
unital. By [9, Theorem 4.8.5], there exists a normal A-bimodular unital completely positive
map ϕl : A(K) −→ A(K) for any l > 0 that satisfies
ϕl(a1 · · · ad) = ϕα1l (a1) · · ·ϕαdl (ad) for any ai ∈ A(Kαi) such that α1 6= α2 6= · · · 6= αd.
Following [59], consider the Poisson kernel
TN :=
N∑
d=0
(1− 1√
N
)dPd,
where Pd is the projection from A(K) onto the operator space spanned by the words of length
d. By [59, Proposition 3.5] adapted in the amalgamated case as explained in section 5 of the
same article, we have that TN is normal and completely bounded such that limN→∞ ‖TN‖cb = 1.
We define the map φN,l := ϕl ◦ TN . This a normal A-bimodular completely bounded map such
that the A-bimodule φN,l(A(K)) is bifinite. Further, we have lim supN,l ‖φN,l‖cb = 1. In order
to conclude, we need to show that
(7) lim
N,l
‖φN,l(x)− x‖2 = 0 for any x ∈ A(K).
Let CN,l (resp. c
α
l ) be the scalar valued function associated to φN,l (resp. ϕ
α
l ) for any N, l > 0
and α ∈ A. Consider an element k ∈ K. The set K is equal to the set of finite words with
alternating letters in the Kα, α ∈ A. Hence, there exists d > 0, α1 6= α2 6= · · · 6= αd ∈ A, and
k1 ∈ Kα1 , · · · , kd ∈ Kαd such that k = k1 · · · kd. Observe, if N > d we have that
CN,l(k) = (1− 1√
N
)dcα1l (k1) · · · cαdl (kd).
Since the sequence (ϕαil , l > 0) is a CBAI, by Proposition 2.5 we have that c
αi
l (ki) −→l 1 for
any 1 6 i 6 d. Therefore, CN,l(k) −→N,l 1. Hence, by Proposition 2.5, we obtain (7). 
6. Tensor product
Consider a finite family of extremal standard invariants (Gα = {Aαij , i, j > −1}, α ∈ A). One
can form their tensor product ⊗
α∈A
Gα = {⊗α∈AAαij, i, j > −1},
which is still an extremal standard invariant. This section is devoted to the proof of the following
theorem:
Theorem 6.1. If (Gα, α ∈ A) is a finite family of (extremal) standard invariants, then
Λcb(
⊗
α∈A
Gα) =
∏
α∈A
Λcb(Gα).
The group case and the von Neumann algebra case have been respectively proved by Cowling
and Haagerup [11], and by Sinclair and Smith [60]. We adapt the proof given in [9, Theorem
12.3.13].
Let T ⊂ S be a symmetric enveloping inclusion and let K be the index set of the irreducible
T -bimodules as denoted in the previous sections. Consider some finite subsets F ⊂ E ⊂ K.
Denote by
CB(S,E) := {
∑
k∈E
c(k)ak, c(k) ∈ C}
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the operator space of completely bounded T -bimodular maps ϕ : S −→ S such that the range
of ϕ is contained in
∑
k∈E L
2(spanTvkT ), see notations of Proposition 2.5. Consider the free
vector space CF with basis {δk, k ∈ F}. We have an inclusion of CF in the topological dual of
the (finite dimensional) Banach space CB(S,E) given by
u(ϕc) =
∑
k∈F
ukc(k),
where
ϕc =
∑
k∈E
c(k)ak ∈ CB(S,E) and u =
∑
k∈F
ukδk ∈ CF.
We identify CF and its image in the dual space CB(S,E)∗. We write ‖ · ‖CB(S,E)∗ the norm
of the dual space CB(S,E)∗. Here are three key observations. We omit the proof that are
straightforward adaptation of the one given in [9].
Lemma 6.2. [9, Lemma 12.3.14 and 12.3.16]
(1) The inclusion T ⊂ S admits a CBAI of constant D if and only if for any finite subset
F ⊂ K there exists a finitely supported scalar valued function c : K −→ C such that
c(k) = 1 for any k ∈ F and ‖ϕc‖cb 6 D, where ϕc =
∑
k∈supp(c) c(k)ak.
(2) Consider some finite subset F ⊂ E ⊂ K. There exists a scalar valued function
c : K −→ C such that supp(c) ⊂ E, ‖ϕc‖cb 6 D, and c(k) = 1 for any k ∈ F
if and only if
for any u =
∑
k∈F
ukδk ∈ CF, |
∑
k∈F
uk| 6 D‖u‖CB(S,E)∗ .
(3) Let Ti ⊂ Si, Ki, i = 1, 2 be symmetric enveloping inclusions together with their index
set of irreducible Ti-bimodules. Consider the tensor product T ⊂ S = T1⊗T2 ⊂ S1⊗S2
with the index set K = K1 ×K2. For any ui =
∑
ki∈Fi
uiki ∈ CFi, i = 1, 2, we define
u = u1 × u2 =
∑
k1∈F1,k2∈F2
u1k1u
2
k2
δk1,k2 ∈ CF1 × F2.
We have
‖u‖CB(S,E1×E2)∗ 6 ‖u1‖CB(S1,E1)∗‖u2‖CB(S2,E2)∗ .
Proof of theorem 6.1. By induction, it is sufficient to prove the theorem for the tensor product
of two standard invariants. Let Ni ⊂ Mi be a subfactor with standard invariant Gi, and let
Ti ⊂ Si, Ki be their symmetric enveloping inclusion and index set of irreducible Ti-bimodules
for i = 1, 2. We consider the subfactor N ⊂M equals to N1⊗N2 ⊂ M1⊗M2. Its standard
invariant, symmetric enveloping inclusion, and index set of irreducible bimodules are isomorphic
to G1⊗G2, T1⊗T2 ⊂ S1⊗S2, and K1×K2 respectively. We denote them by G, T ⊂ S, and K. By
considering tensor product of completely bounded maps we get that Λcb(G) 6 Λcb(G1)Λcb(G2).
Let us show that Λcb(G) > Λcb(G1)Λcb(G2). Suppose Λcb(G) < Λcb(G1)Λcb(G2). There exists
some constants Di < Λcb(Gi), i = 1, 2 such that Λcb(G) < D1D2. By Lemma 6.2.1 applied to
Ti ⊂ Si and Di, i = 1, 2, there exists finite subsets Fi ⊂ Ki such that there are no finitely
supported scalar valued functions ci : Ki −→ C, such that ci(ki) = 1 for any ki ∈ Fi and
‖ϕci‖cb 6 Di. By Lemma 6.2.1 applied to F1 × F2 ⊂ K and D1D2, there exists a finitely
supported scalar valued function c : K −→ C such that c(k) = 1 for any k ∈ F1 × F2, and
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‖ϕc‖cb 6 D1D2. The support of c is finite, hence there exists finite sets Fi ⊂ Ei ⊂ Ki, i = 1, 2
such that supp(c) ⊂ E1 × E2. By Lemma 6.2.2, there exists
ui =
∑
ki∈Fi
uiki ∈ CFi,
such that
(8) ‖ui‖CB(Si,Ei)∗ = 1 and |
∑
ki∈Fi
uiki | > Di, for i = 1, 2.
Consider the element u = u1× u2 =∑k1∈F1,k2∈F2 u1k1u2k2δk1,k2 ∈ CF1×F2. By Lemma 6.2.3, we
have ‖u‖CB(S,E1×E2)∗ 6 1. However,
|
∑
k1∈F1,k2∈F2
u1k1u
2
k2
| = |
∑
k1∈F1
u1k1 ||
∑
k2∈F2
u2k2 | > D1D2 by (8).
This contradict Lemma 6.2.2 applied to u and D1D2. Therefore, Λcb(G) > Λcb(G1)Λcb(G2). This
concludes the proof of the theorem. 
Remark 6.3. Using Theorem 5.3 and Theorem 6.1, we can construct many hyperfinite sub-
factors R0 ⊂ R that are weakly amenable with given Cowling-Haagerup constant. Here is a
specific construction.
Consider a finite family of exotic amenable standard invariants (Gα, ∈ A) such as the
Haagerup standard invariant [27], the Asaeda-Haagerup standard invariant [1] or a Temperley-
Lieb-Jones standard invariant with index smaller or equal to 4. Let G1 be their free product. By
Popa, for any α ∈ A there exists a hyperfinite subfactor with standard invariant equal to Gα [49].
By the freeness result of Vaes and the construction of Bisch and Jones, there exists a subfactor
N1 ⊂M1 with standard invariant G1 where M1 is the hyperfinite II1 factor [61, 4, 3]. Consider
a lattice G in the Lie group Sp(n, 1) with n > 2. Consider a diagonal subfactor N2 ⊂M2 asso-
ciated to an outer action of G on the hyperfinite II1 factor. Then, the tensor product subfactor
N1⊗N2 ⊂ M1⊗M2 is a hyperfinite subfactor with Cowling-Haagerup constant equal to 2n − 1
by [11], Theorem 5.3 and Theorem 6.1.
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